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<^ ■ Abstract 

Let k, m and r be three integers such that 2 < k < m < r. Let G be a 2r-regular, 
2m-edge-connected graph of odd order. We obtain some sufficient conditions, which 
^ ' guarantee G — v contains a /c-factor for all v G V{G). 

m 

'sf : 1 Introduction 

f— ^ ' All graphs considered are multigraphs (with loops) and finite. Let G = (V, E) be a graph 

with vertex set V{G) and edge set E{G). The number of vertices of a graph G is called the 

order of G and is denoted by n. On the other hand, the number of edges of G is called the 

rN ' size of G and is denoted by e. We denote the degree of vertex w in G by dG{v). For two 

Cd \ subsets S,T C V{G), let eciS, T) denote the number of edges of G joining S to T. 

Let c{G) and C(,{G) denote the number of components and the number of odd compo- 
nents of G, respectively. Let A; be a positive integer. A k-factor of a graph G is a spanning 
subgraph H oi G such that duix) = k for every x G V{G). 

Peterson obtained the following theorem, which is chronologically the first result on 
fe-factors in regular graphs. 

Theorem 1.1 (Petersen, |[^) Every 3-regular, 2-connected graph has a 1-factor. 

For 1-factor in arbitrary graphs, we have the following characterization by Tutte [6]. 



*This work is supported by the Fundamental Research Funds for the Central Universities. 
'Corresponding email: luhongliang215@sina.com (H. Lu) 



Theorem 1.2 (Tutte, |[6j) A graph G has a 1-factor if and only if Co{G — S) < \S\ for all 
SCV{G). 

The fohowing theorem is well-known Tutte's A;-factor Theorem. 

Theorem 1.3 (Tutte, [7]) Let G be a graph and k be an integer. Then G has a k-factor 
if and only if for all D,S C V{G) with D n 5 = 0, 

dciD, S) = k\D\ + J2 dcix) - k\S\ - eciD, S) - qciD, S; k) > 0, 

xeS 

where qciD, S; k) is the number of components C of G — {DU S) such that edViG), S) + 
k\C\ = 1 (mod 2). Moreover, 6g{D,S) = k\V{G)\ (mod 2). (Sometimes C is called k-odd 
component.) 

The following theorem examines the existence of a 1-factor in vertex-deleted subgraphs 
of a regular graph. 

Theorem 1.4 (Little et al., |2j) Let G be a 2r-regular, 2r- edge- connected graph of odd 
order and u be any vertex of G. Then the graph G — u has a 1-factor. 

Katerinis presented the following result, which generalizes Theorem II. 4 i 

Theorem 1.5 (Katerinis, [4J) Let G be a 2r-regular, 2r- edge- connected graph of odd or- 
der and m be an integer such that 1 < m < r. Then for every u G V{G), the graph G — u 
has an m-factor. 

2 Main result 

The purpose of this paper is to present the following result which generalizes Theorem 11.51 

Theorem 2.1 Let m and r be two integers such that 2 < m < r. Let G be 2r-regular, 2m- 
edge- connected graph with odd order. If one of the following conditions holds, then G — v 
has a k-factor for all v S V{G). 

(i) k is even and 2 < k < m; 
{ii) k is odd, 3 < k < m and 2m > r. 



Proof. Suppose that the result doesn't hold. Then there exists u € y{G) such that G — u 
contains no A;-factors. Let H = G — u. By Theorem 11.31 there exist two disjoint subsets D 
and S of V{G) — u such that 

QHiD, S; k) + ^(A: - dH-D{x)) > k\D\ + 2. (1) 

xes 

Define S' = S U {u} and W = {G - D) - S'. 

Claim 1. c{W) > 2. 

Otherwise, suppose c{W) < 1. We consider two cases. 

Case 1. c{W) = 0. 

Since c{W) > qH{D,S;k), ([U implies 

^{k-dH^Dix))>k\D\ + 2. (2) 

x£S 

So k\S\ > k\D\ + 2 and hence \S\ > \D\. But V{H) = DUS and |y(i?)| is even, therefore 

\S\>\D\ + 2. (3) 

Now since G is 2r-regular by Tutte's theorem we have 

Y,i'^r-dG-D{x))<2r\D\, 
xeS' 

which implies 

2r\S'\ - Y^ dG-D{x) < 2r\D\. 

x£S' 

Therefore, 

2r{\S\ + l)-Y,dG-Dix)<2r\D\, 
xeS' 

and hence, 

(2r - k)\S\ + k\S\ + 2r - ^ dG-D{x) < k\D\ + (2r - k)\D\. (4) 

x&S' 

However 

y^ dc-nix) = ^ da- nix) + do-Diu) 
xes 

y^ dn-nix) + eciu, S) + dc-niu)- 



xeS' xgs 



xes 
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Therefore @ becomes 

k\D\ + (2r - k)\D\ > (2r - k)\S\ + k\S\ + 2r - ^ dH-oix) - edu, S) - dc-Diu) (5) 

xes 

Now using ^ and since edu^S) < dc-oiu) < 2r, ([5]) implies 

(2r-A;)(|5| -|D|) <2r-2. (6) 

Moreover, by ^, \S\ > \D\ + 2, we can conclude from ^ that k > r + 1. That is a 
contradiction, thus Case 1 can't occur. 

Case 2. c{W) = 1. 

Then we have qn^D, S;k) < 1 and this implies 

Y,{k-dH-D{x))>k\D\ + l. (7) 

xeS 

So k\S\ > k\D\ + 1 and hence |5| > \D\. 

Since G is a 2?7T,-edge-connected, 2r-regular graph, so we have 

2r\D\ > eaiD, V{G - D)) = eaiD, V{W)) + eaiD, S') 
= eaiD U S', V{W)) - edS' , V{W)) + eaiD, S') 

= eaiD U S', V{W)) - {J2 da-oix) - 26^(5', S')) + (2r|5'| - J] da-Dix)) 

x£S' xes' 

> eciD U S', V{W)) - 2 Y, dG-D{x) + 2eG{S' , S') + 2r\S'\ 

x&S' 

>2m- 2(^ dH^x) + eG(n, S) + dG-D{u)) + 2eG{S' , S') + 2r|5'| 

x&S 

> 2m - 2 ^ dH-oix) - 2dG-D{u) + 2eG{S, S) + 2r\S'\ 

x&S 

> 2m - 2 ^ dH-oix) + 2r|5| - 2r. 

xeS 

Now using ([7]) implies 

2r\D\ > 2m - 2 ^ dn-oix) - 2r + 2r\S\ 
xes 

>2m- 2ik\S\ - k\D\ - 1) - 2r + 2r|5|. 

Thus 

(2r - 2A;)(|i:>[ - \S\) > 2m - 2r + 2 > 2k - 2r + 2 

4 



from which it fohows \D\ > \S\, a contradiction. So Case 2 can't also occur. 

So we have c{W) > 2. We denote the components of W^ by Ci, . . . , Cc(w)- Suppose that 
eciCuD U 5') < • • • < eG{C,^w),D U 5'). 
Firstly, we consider (i). Then we have 

2r\D\ > eciD U 5', V{W)) - 2 J^ dc-Dix) + 2eG(5', S') + 2r\S'\ 

xes' 

> (2m - 2)c{W) - 4r + (2r - 2k)\S\ + 2r + 2k\D\ + 4 

> 4m - 2r + (2r - 2A;)[S'[ + 2A;[Z)|. 

Thus we have (2r — 2k){\D\ — \S\ + 1) > 2m from which it follows \D\ > \S\. For every odd 
component C of W, the integer k\V{C)\ + eH(y{C), S) is odd and since k is an even integer, 
so eH{V{C), S) must be odd. Thus eH{V{C), S) > 1 and so J2xes'^H-Dix) > qH{D,S;k). 
Hence ([T]) implies k\S\'>k\D\ + 2 from which it follows that \S\'>\D\ + 1^ a. contradiction. 

Secondly, we show that (ii), that is. A; > 3 is odd and 2m > r. By Theorem II. 5| we can 
assume that m < r. So we have 

2r\D\ > eciD U S' , V{W)) - 2 ^ dc-oix) + 2eG{S', S') + 2r\S'\ 

x&S' 

> (2m - 2)c{W) - 4r + (2r - 2k)\S\ +2r + 2k\D\ + 4 

> 4m - 2r + (2r - 2A;)|S'| + 2k\D\ 

> {2r-2k)\S\ +2k\D\+2. 

Thus we have (2r - 2k){\D\ - \S\) > 4m - 2r > 2 and hence \D\ > \S\. Let q = qniD, S; k). 
Note that 

2r\D\ > 2mq + 2r\S\ - 2r - 2 ^ dn-nix). 

x£S 



So we obtain 



S\>'^q-l-lY.dH-D{x). (8) 



By ([T]), we have 



r 

xes 



\D\-\S\<l{q-Y,dH-D{x)-2), (9) 

'^ xes 



and q > k + 2 since \D\ > \S\. By ^ and ([9]), we have 

0<(i-i)E*-«Wsf-|-^ + l 

fc r ^-^ k k r 

x&S 

9 2 g ^ 

k k 2 
A 1, 2 

^"(i-i'-i + i 

= 1 - /c/2 < 0, 

a contradiction. We complete the proof. □ 

The bounds are sharp. Firstly, we show that the upper bound is sharp. Let G\ be the 
complete graph i^2r+i from which a matching of size m is deleted. Let G2 be the bipartite 
graph with bipartition ([/, W) obtained by deleting a matching of size m from K2r.2r- Let 
G be the 2r-regular graph obtained by matching the 2m vertices of degree 2r — 1 in Gi to 
2m vertices of degree 2r — 1 in G2. Clearly, G is 2m-edge-connected. Let m* > m + 1. Now 
we show that G — u contains no 7n*-factors for all n € U UW. Without loss generality, 
suppose that u & U. Let D = U — u, S = W and G' = G — u. Note that qG'{D, S; m*) = 1 
if m* 7^ m (mod 2) and qG'{D, S; m*) = if m* = m (mod 2). Then we have 

m*\D\-m*\S\ + ^dG'-D{x)-qG'{D,S;m*) < -2 < 0. 

x€S 

So by Theorem 11.31 G — u contains no m-*-factors. 

Next we show that the lower bound is sharp. Let T be the complete graph K2r+i from 
which a matching of size r — 1 is deleted. Take 2r — 1 disjoint copies of F. Let Mr-i be 
a matching of size r — 1. Let H be the 2r-regular graph obtained by matching the 2r — 2 
vertices of degree 2r — 1 in each of 2r — 1 disjoint copies of F to the vertex set S of Mr-i- 
Since CoiH - V{Mr-i)) = 2r - 1 > \V{Mr-i) - v\ = 2r - 3 for all v G V{Mr-i), so by 
Theorem II. 2 1 G — v contains no 1-factor for all v € y(Mj._i). So the lower bound is sharp. 

Finally, we show that the condition 2m. > r is sharp. Otherwise, suppose that 2m < r. 
Let Ri denote the complete bipartite graph i^2r,2r-i with bipartition {U, W), where \U\ = 2r 
and |VF| = 2r — 1. Let R2 be the complete graph K2r+i from which a matching of size m 
is deleted. Take two copies of i?2- Match 4?tt, vertices of degree 2r — 1 of two copies of R2 
to 4771 vertices of degree 2r — 1 of i^2r,2r-i) fmd then add a matching of size r — 2m to the 
rest vertices of degree 2r — 1 of i^2r,2r-i- Then we obtain a 2r-regular, 2?TT--edge-connected 
graph R. Let u G U and R' = R — u. Let D = U — u and S = W. Since k is odd, so 



qjii{D, S;k) = 2 and hence we have 

k\D\ - k\S\ + Y.'^R'-D{x)-qG'{D.S-k) = -2 < 0. 

xeS 

So by Theorem II. 3| G — u contains no A;- factors. 
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